Introduction
Due to roughness, contact between two surfaces occurs primarily at the summits of the surface asperities, so that the area really affected by contact is just a small fraction of the body surface. Nevertheless, the forces generated in such a small area are responsible for most tribological phenomena, like friction and wear.
In general the surface topography is a mixture of shapes spanning different length scales and can nowadays be measured with high precision. By contrast, the change in contact area during loading is not easily measurable. Since the contact area evolves in a non-trivial way during contact, knowledge of the initial topography is of little use for determination of friction during contact [1] . Therefore, rough surface modeling can contribute to the prediction of friction by allowing to track the evolution of the area of contact as well as the contact pressure during loading.
Traditional contact mechanics models based on the work of Greenwood and Williamson [2] give an approximate evaluation of contact area and pressure for a collection of asperities, but they neglect the elastic interaction between asperities. More precise predictions can be obtained using the statistical friction models, like Persson's [3] and its modification by Müser [4] , but these works mainly focus on the assumption that the flattened asperities behave elastically. The pressure predicted by such models exceeds the hardness of the material on many contacts at rather low loads. In addition to that, experimental studies of rough surface contact [5, 6] indicate that the pressure in the contacts is sufficiently high for plastic deformation to take place. We therefore believe it is of interest to investigate what role plasticity really plays. Even though it might be expected that the change in contact area and pressure would depend strongly on the plastic deformation of the asperities, finite element simulations of elasto-plastic bodies with a rough surface by Pei et al. [7] seem to disprove that, and to indicate that when the material behaves plastically, self-affine surfaces with different morphology deform in a similar way. Their results also confirm the interesting finding by Gao et al. [8] that the mean contact pressure of each asperity of the surface is increased by interaction between neighboring asperities but limited to approximately twice the single asperity hardness. Gao et al. [8] account for the elasticplastic interaction of neighboring asperities and find that this interaction hinders flattening of the surface, to the point that the true contact area converges to zero.
The purpose of this publication is to shed some light on the role of size dependent plasticity in the flattening of a rough metal surface. The roughness of the surface is strongly simplified to a sinusoidal wave function, but plasticity caused by dislocation glide is carefully computed by discrete dislocation simulations [9] . The numerical technique has so far proven successful to capture size dependent plastic behavior of isolated flat contacts [10] well as interplay between plasticity underneath arrays of flat contacts [11, 12] .
Formulation
The model problem is shown in Fig. 1 . A rigid platen flattens the sinusoidal surface of a semi-infinite single crystal with amplitude A and wavelength w. The top surface of the crystal is described by
The analysis is performed on a unit cell encompassing a full period of the surface wave and periodic boundary conditions are imposed at the right and left borders of that cell. The load is imposed by prescribing the vertical displacement of the rigid platen:
where C is the contact area, defined as the flat region of intimate contact between the flat platen and the crystal where displacement is prescribed. By regions of intimate (or true) contact we refer to sum of areas where two or more adjacent surface nodes are in contact with the platen. Outside the contact region, the top surface ðx 2 ¼ f ðx 1 ÞÞ is traction free. The traction distribution along the contact normal to the platen determines the flattening force F n (per unit of length):
Imposing boundary conditions that account for realistic interaction between surface and platen is compromised by the lack of knowledge about the friction coefficient between surfaces at such scale. Therefore we confine our study to the two limiting situations for the contact conditions:
frictionless ðnon-adhesiveÞ contact :
sticking ðadhesiveÞ contact :
Periodic boundary conditions are imposed at the vertical sides of the unit cell,
For crystals with sticking contacts the value of the uniform expansion U 1 is taken to be zero. This condition is necessary to fulfill the requirements that (1) the platen must be rigid and (2) the contacts stick to the platen. Note that even if the unit cell is bound to not expand, i.e. U 1 ¼ 0, the lateral boundaries of the unit cell are not constrained to remain straight. For the frictionless contacts we will consider two possibilities: U 1 ¼ 0 or U 1 is determined from the condition that lateral expansion of the unit cell can take place freely, since the material can slide underneath the contacts, as expressed by
We will therefore analyze three different boundary value problems that will be referred to as follows:
Sticking-Constrained (S-C): no slip at the contacts, Eq. (4), and no overall lateral strain, i.e. U 1 ¼ 0;
Frictionless-Constrained (F-C): no friction at the contact, Eq. (3), and no overall strain, U 1 ¼ 0;
Frictionless-Unconstrained (F-U): no friction at the contact and no overall stress S 11 ¼ 0 (free expansion of the unit cell),
Eq. (6).
A comparison between results obtained with the first two boundary conditions, S-C and F-C, will give insight in the importance of the friction conditions at the contact. Contrasting the last two conditions, F-C and F-U, will instead tell us if the material that can slide underneath the contact will behave differently if given the possibility to expand. For further reference the boundary conditions studied are summarized in Table 1 .
The simulations follow the formulation for discrete dislocation plasticity by Van der Giessen and Needleman [9] : the solution for the dislocated crystal is given by the linear composition of the closed-form elastic solution for the dislocations in an infinite medium and the numerical correction for the image fields. The latter is calculated by the finite element method. The mesh is made of very fine square elements at the surface of the crystal, to correctly capture the contact area and the dislocation fields, the mesh is coarser at the bottom of the crystal, where there are no dislocations.
The crystal is taken to have the elastic properties of aluminum:
Young's modulus E¼70 GPa and Poisson's ratio n ¼ 0:33. Following Rice [13] the FCC crystal is modeled in two dimensions by considering three potentially active slip systems with orientations j ¼ 01, 601 and 1201. The spacing between slip planes in the crystal is 200b, where b is the Burgers vector of magnitude b¼0.25 nm. At the beginning of the simulation, the crystal is dislocation free and it contains a given density of obstacles and dislocation sources distributed randomly on the slip planes in the crystal. The obstacles represent small precipitates in the material as well as forest dislocations present as a consequence of previous plastic deformation. When the resolved shear stress at the dislocation sources is sufficiently high, edge dislocations are generated. The mean nucleation strength for the sources is taken to be t nuc ¼ 50 MPa, with 20% standard deviation. The time span necessary for nucleation of a dislocation dipole, t nuc , is taken to be 10 ns. The values used in these simulations are the outcome of a quantitative comparison with experimental results in [14] . Table 1 Contact conditions and conditions on the horizontal expansion U 1 of the unit cell.
Contact-expansion Contact conditions Expansion conditions
S-C Eq. (4) Eq. (5);
Eq. (5);
Eq. (6); U 1 a 0, S 11 ¼ 0
Effect of boundary conditions
Two crystals with average height h ¼ 12 mm and surface amplitudes A ¼ 0:2 mm and A ¼ 0:8 mm are flattened by u ¼ 0:04 mm. The spacing between contacts w, which corresponds also to the width of the unit cell, is taken to be constant and initially rather wide, i.e. w ¼ 10 mm. The density of dislocation sources and obstacles is r ¼ 30 mm À2 . The simulations are performed using the three different combinations of boundary conditions defined in Table 1 : sticking-constrained (S-C), frictionless-constrained (F-C) and frictionless-unconstrained (F-U). The flattening force and the corresponding true contact area during flattening are compared in Fig. 2a and b, respectively. The curves for sticking (S-C) and frictionless (F-C) contacts are very close to each other. A larger difference emerges between constrained (F-C) and unconstrained (F-U) crystals. From this observation we conclude that the nature of the contact itself, be it frictionless or sticking, does not affect the flattening of the surface. Instead, flattening is affected by the extent to which the material is free to expand laterally underneath the contacts or constrained to maintain the same width in between contacts. The influence of lateral boundary conditions (constrained or unconstrained) does not depend on surface amplitude. At a flattening depth of 0:04 mm for A ¼ 0:2 mm the measured force for unconstrained crystals is 15% smaller than that for constrained crystals, their contact area is 9% smaller. For A ¼ 0:8 mm, the difference in force is 17% and the difference in contact area is 8%.
For the crystal with smaller amplitude, we choose a representative realization and show the distribution of the displacements in x 1 -direction together with the dislocations at final depth (in Fig. 3 ). The figure confirms that the flattening under frictionless contacts occurs partly by lateral expansion of the material. Also, the figure gives further evidence that the difference in contact conditions is not significant, cf. Fig. 3a vs b, but that only the possibility of expansion affects the deformation mode, Fig. 3c . The distribution of displacement in x 2 direction for the same crystals is shown in Fig. 4 . It is clearly seen in this figure that material in the crystal with constrained boundary conditions (S-C and F-C) piles up in the vicinity of the contact areas (see Fig. 4a and b), whereas pile-up does not occur in the F-U crystal (Fig. 4c) due to lateral expansion.
It is important to note that even though the virgin surface is smooth and the platen is rigid, the surface does not remain smooth. This is illustrated by the surface profiles in Fig. 5 at flattening depths u ¼0.02 and 0:04 mm. We observe that the contact area for all amplitudes and contact conditions evolves in a discontinuous way during flattening. This behavior is caused by the steps that are left when dislocations glide out of the free surface. The protruding parts of those displacement steps can create new contact with the rigid platen, while other parts will remain untouched. Therefore, the true contact area is the sum of distinct patches of contact and is significantly smaller than the apparent contact area would be (if measured from the first contacting point to the last one). The exit of dislocations is a stochastic process, so that different realizations show a different local evolution of the true contact area. The observation (cf. from Figs. 5a and 2b) that the contact area for the constrained crystal is slightly larger than that for the unconstrained crystal is not specific for the realization shown in Fig. 5 but is characteristic of all six realizations studied. The larger contact area in The simulations reported on so far are for unit cells that encompass only a single wave of surface. When the unit cell width is small, the statistical variation of dislocation and sources locations is also small. To explore the effect of a larger source sampling, simulations are performed for unit cells of width W containing two or three wave periods w. The corresponding pressure-displacement curves in Fig. 6 show that the mean contact pressure is not affected: the difference between these curves is smaller than the difference between curves obtained by simulations with identical unit cells but with a different location of dislocation sources (indicated in the figure by #1 and #2). Therefore in the rest of the paper we will perform simulations only for W¼w.
Effect of surface shape A/w
Flattening the sinusoidal surface of a single crystal is a problem that involves several lengths: the period w and amplitude A of the surface, the height of the crystal h and the average spacing between dislocation sources L ave ¼ 1= ffiffiffiffiffiffiffiffiffi ffi r nuc p . If the source density is large enough to ensure that sufficiently many dislocations are nucleated when needed, the source spacing L ave will not affect the results and the behavior will depend only on w, A and h.
We here investigate the effect of changing period w on surface pressure while keeping the other lengths constant: A ¼ 0:3 mm, h ¼ 12 mm and L ave ¼ 0:18 mm. We will confine attention to crystals with frictionless contacts and constrained unit cells. Fig. 7a shows how the mean contact pressure,
where C is the true contact area, increases with decreasing period for surfaces with w¼1.875, 2.5, 3.75, 7.5 and 15 mm. This trend is expected and in agreement with the elastic behavior of the crystal, since the contact fraction, C/w, increases with increasing period. Anyhow, since our goal is to study the behavior of the surface and not of the whole crystal under flattening, we plot in Fig. 7b the mean contact pressure P m , normalized by AE n =w, as a function of the flattening strain e d ¼ ðd 0 ÀdÞ=d 0 (note that this parameter is similar to that introduced by Persson [15] ), but differs in the normalization distance d 0 rather than the rms of the original surface). Here, d is the separation distance between the platen and the average height of the crystal surface, d 0 the initial separation distance and E n ¼ E=ð1Àn 2 Þ % 78:5 GPa. Normalizing the pressure by AE n =w allows us to obtain elastic curves that are almost overlapping, by that facilitating comparison between surfaces with different w. Also, these curves do not contain any dependence on the crystal height h, as shown in Fig. 7b by comparing results for crystals with h ¼ 12 mm and h ¼ 24 mm. 
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By looking at Fig. 8a we can see that the plastic response of the surfaces of crystals with various w are very close to each other, deviation from elasticity occurring at about e S ¼ 0:007.
If we want to approach the limit of continuum plasticity we can repeat the simulations in Fig. 7 with a higher density of dislocation sources. We observed that decreasing the spacing between dislocation sources below L ave ¼ 0:13 mm does not affect the results; for L ave ¼ 0:13 mm we obtain curves that are almost overlapping (see Fig. 8a ). The plastic response of the surface does not additionally depend on w, i.e. P m is just inversely proportional to w, meaning that plasticity in the asperities is size independent. For a twice as large dislocation source spacing, though, i.e. four times as large dislocation density, results are significantly different and reveal a clear size dependence: surfaces with smaller w are harder than surfaces with a larger w (see Fig. 8b ). Thus, if w=L ave o 3:75=0:26 % 15 and for a constant A, the onset of plasticity is still inversely proportional to w but plastic curves have considerably different strain hardening. For a better look at what happens locally for different wavelengths w, Fig. 9a and b shows the stress state and the dislocation structures for w¼15 and 2:5 mm for the smallest source spacing, L ave ¼ 0:13 mm. Note that the stress level of the lower part of the two crystals is different because the nominal pressure differs by a factor 6 (cf. Fig. 8a ). The state in the subsurface regions is very different, with the crystals with smaller period having a very high density of dislocations everywhere in the top $ 2 mm of the crystal. By contrast, there is an isolated plastic zone underneath the contact in the crystal with larger period. This translates into the dislocation density being higher for the smaller w, see Fig. 9c , for both source densities tested. The fact that the dislocation density increases with decreasing period, together with the dislocation distribution in Fig. 9b , indicates that the plastic zones underneath neighboring asperities interact progressively more as the period is decreased, thus giving rise to progressively larger mean contact pressures. Our expectation is that these results will still be valid in the case of a microcrystalline material, based on the following considerations: (a) if the grain size is much larger than the contact spacing most grain boundaries will be located outside of the plastic zones and therefore not affect the results; (b) if the grain size is comparable to contact spacings, the grain boundaries that are in the plastic zone will affect it by hindering dislocation motion. The hindering of dislocation glide has two opposite effects on contact pressure: on the one hand it decreases it by reducing the interaction between plastic zones, on the other hand it enhances contact pressure because plasticity in the crystal is reduced.
The detailed pressure distribution on the contacts is given in Fig. 10 . Surfaces with larger periods make discontinuous contact with the flat platen (see also Fig. 5 ), while surfaces with smaller periods are characterized by a single contact region. As a consequence of the fact that the contact area is patchy, the distribution of contact pressure on surfaces with larger roughness periods is highly non-uniform: the larger region of contact has a much lower average stress than the smaller contact patches around it, which are subjected to very high stress peaks (see Fig. 10 ). The average mean contact pressure found on each asperity for w ¼ 15 mm is about 6s y 1 for the large source density and about 7s y for the low source density. For w ¼ 2:5 mm the mean contact pressure is remarkably higher, i.e. P m % ¼ 38s y for the large source density and P m % ¼ 56s y for small source density. These findings are in contrast with what is predicted by classical plasticity simulations [7, 16] , according to which contacts are continuous and the mean contact pressure on a single asperity is limited to about 6s y . While the discontinuous nature of contact in our simulations and the corresponding high stress concentrations can be unrealistically high due to the fact that the simulations are two dimensional, surface steps due to plastic activity are real so that patchy contact is likely to occur in reality.
So far we have varied the surface shape A/w by changing w and keeping A constant. Next, we carry out simulations for various amplitudes of the sinusoidal wave, i.e. A¼0.2, 0.4, 0.6 and 0:8 mm, by keeping the period fixed at w ¼ 10 mm. decreasing the source density, results in a further increase of the relative difference in the onset of plasticity.
In order to clarify how the onset of yield depends on amplitude at constant period and on period at constant amplitude, we here define the yield pressure P my as the intersection between the P m w=AE n versus e d curve and the corresponding elastic curve offset by e S ¼ 0:2% (in the same spirit as the usual definition of the 0.2% yield stress in macroscopic plasticity). All the results for yield pressure obtained in this and the previous section have been compiled in Fig. 11b as a function of A/w. As previously noticed, the yield pressure at constant amplitude is inversely proportional to period, but we now also observe that the constant of proportionality increases with the source spacing. Even though we know from Fig. 11a that the surface yield pressure is not proportional to amplitude, i.e. the deviation from the elastic curve does not occur at the same P m w=AE n , the yield values extracted from Fig. 11a , as shown in black in Fig. 11b , vary linearly with A/w with a slope 0:087E n . If the source density is decreased the surface becomes harder, but the constant of proportionality does not change. The interesting observation in this figure thus is that if we compare surfaces with the same A/w, i.e. with the same root mean square slope, rh rms ¼ ffiffiffi 2 p pA=w, the yield pressure P my is not unique, but depends on the specific choice of w and A. This signifies a size effect which we will investigate in more detail in the coming section.
Size dependence at constant shape A/w
In this section we compare the behavior of surfaces that have the same amplitude-to-period ratio A/w, but have various values for A and w. Specifically, we perform simulations for waves with A/w¼0.02 with periods w¼2.5, 5, 10 and 15 mm and for A/w¼0.05, with periods w ¼2.5, 6, 8 and 10 mm. Fig. 12a shows the mean contact pressure as a function of e d .
The blue dashed line represents the corresponding elastic solution. If we interpret each period of the sinusoidal wave as the asperity of a rough surface, the results show that the plastic deformation of asperities is size dependent: for a given amplitude-to-period ratio, the pressure required to flatten a smaller asperity is larger than for a larger asperity. The larger mean contact pressure for the smaller asperity is partly due to fewer dislocations being nucleated in the crystal as shown in Fig. 12b . In order to get further insight in the origin of this, Fig. 13 shows the stress distribution and dislocation structure inside crystals with A=w ¼ 0:05 at e d ¼ 0:056. The plastic zone increases with increasing asperity size (i.e. increasing amplitude A and period w). Correspondingly, the dislocation density decreases (see Fig. 12b ). The size dependence seems therefore to be caused by limited availability of dislocations underneath the smaller contact areas, which indeed is seen in Fig. 13 .
Conclusions
Two dimensional simulations are performed to investigate the flattening of a sinusoidal surface with the discrete dislocation plasticity method. Three limiting situations have been for sinusoidal surfaces of any period and amplitude, the contact conditions, i.e. frictionless or sticking, do not affect the flattening force nor the mean contact pressure during flattening; on the contrary, results depend on whether or not the material is free to expand laterally underneath the contacts. Such dependence is not affected by surface shape. If the material is constrained (which is a more reasonable assumption if we consider the constraint that the crystal would be subjected to from the material in the in-plane direction):
J the yield pressure can be approximated as being proportional to amplitude. The same proportionality constant 0:087E n holds for small and large source spacings. A size dependent response is found for crystals with surfaces with the same amplitude-to-period ratio, with smaller asperities being more difficult to be deformed plastically to the same strain. As a consequence, the curves that describe the relation between load and contact area and between load and separation distance are non-unique for a given A/w, but depend on the specific choice of A, w. As a consequence of the fact that the area of intimate contact is discontinuous, the distribution of contact pressure is highly non-homogeneous: the larger region of contact underneath the asperity has a much lower average stress than the smaller contact regions around it, which are characterized by a very high stress concentration. It is noteworthy that these results aim at underlying the importance of size dependent plasticity in contact mechanics but cannot straightforwardly be extended to the plastic contact between two rough surfaces. When two rough surfaces are brought into contact and plastically deform, the behavior is generally more complex than in the case of a rough surface flattened by a platen. Size dependent behavior of the asperities on both surfaces complicates matters even further.
